
VII.6 Relative Homology and Excision
������� 1 A ↪→

i
X, a subspace of a topological space X ⇒ Sp(A) ↪→

i]
Sp(X)

⇒ 0 // Sp(A)
i //

∂²²

Sp(X)
q //

∂²²

Sp(X)/Sp(A) //

∂̄²²

0

0 // Sp−1(A) // Sp−1(X) // Sp−1(X)/Sp−1(A) // 0

,where ∂̄ is an induced boundary homomorphism s.t. ∂̄2 = ∂̄2 = 0.
⇒ {Sp(X,A), ”∂” = ∂̄} = S(X,A) : relative chain complex or singular chain
complex for a pair (X,A).
⇒ Hp(S(X,A)) =: Hp(X,A): singular homology for a pair (X,A)(or relative
homology X mod A).

Remark 1. This is a general construction for ∀ chain complexes C ′ ⊂ C, and
hence can talk about Hp(K,A) for a simplicial pair A < K.

Remark 2. (geometric interpretation)
Sp(X,A) can be viewed as a free group generated by p-simplices not contained
in A.

Z̃p(X,A) := q−1(ker∂̄) = ∂−1(Sp−1(A)) = {c ∈ Sp(X)|∂c ∈ Sp−1(A)}.

B̃p(X,A) := q−1(im∂̄) = ∂Sp+1(X) + Sp(A)
= {c ∈ Sp(X) : ∃a ∈ Sp+1(X) s.t. c ≡ ∂a mod Sp(A)}.

Then Hp(X,A) ∼=
←
q∗

Z̃p(X,A)/B̃p(X,A).

(by an isomorphism theorem, M/p/N/p ∼= M/N)
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1. Functorial Property

f : (X,A)→ (Y,B)

⇒ 0 // Sp(A) //

f]|

²²

Sp(X) //

f]

²²

Sp(X)/Sp(A) //

f̄]=”f]”
²²

0 and ”f]” is a chain map.

0 // Sp(B) // Sp(Y ) // Sp(Y )/Sp(B) // 0

⇒ f∗ : Hp(X,A)→ Hp(Y,B).
{c} 7→ {f ◦ c}

(i) id : (X,A) ª⇒ id∗ = id.

(ii) (X,A)
f
→ (Y,B)

g
→ (Z,C)⇒ (g ◦ f)∗ = g∗ ◦ f∗

Example.
(i) {Xα} : path-components ofX andAα = A∩Xα ⇒ Hp(X,A) = ⊕

α
Hp(Xα, Aα)

(ii) X : path-connected and A 6= φ⇒ H0(X,A) = 0.

2. Homotopy Invariance

f '
F
g : (X,A)→ (Y,B) (F (A× I) ⊆ B)⇒ f∗ = g∗.

��
	���� Let i0, i1 : (X,A)→ (X × I, A× I) be level maps as before.
Need a chain homotopy DX,A : Sp(X,A)→ Sp+1(X × I, A× I)
between i0] and i1]:

0 // Sp(A) //

DA=DX |
²²

Sp(X) //

DX

²²

Sp(X,A) //

D̄X=DX,A

²²

0

0 // Sp+1(A× I) // Sp+1(X × I) // Sp+1(X × I, A× I) // 0

Check ∂̄D̄σ̄ + D̄∂̄σ̄ = ī0]σ̄ − ī1]σ̄: trivial.

(X,A)
i0

⇒
i1

(X × I, A× I)
F
→ (Y,B) s.t. f = F ◦ i0 and g = F ◦ i1.

D̄ : i0] ∼= i1] ⇒ i0∗ = i1∗ : H(X,A)→ H(X × I, A× I)
∴ f∗ = (F ◦ i0)∗ = F∗ ◦ i0∗ = F∗ ◦ i1∗ = (F ◦ i1)∗ = g∗
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3. 0→ S(A)→ S(X)→ S(X,A)→ 0
snake
⇒ ∃ a functorial long exact sequence

· · · // Hp(A)
i∗ // Hp(X)

q∗ // Hp(X,A)
∂∗ // Hp−1(A) // · · ·

{c} 7→ {∂c}

Remark. If A 6= φ, define H̃(X,A) = H(X,A). Then 3 holds for reduced case
also.

²² ²² ²²

0 // S0(A) //

ε²²

S0(X) //

ε²²

S0(X,A) //

²²

0

0 // Z
id //

²²

Z
²²

// 0 //

²²

0

0 0 0

Example. Hp(B
n, ∂Bn)

· · · // H̃p(∂B
n) // H̃p(B

n) // H̃p(B
n, ∂Bn)

∂ // H̃p−1(∂B
n−1) // · · ·

H̃p(B
n) = 0 ,∀p ⇒ ∂ :∼= ⇒

Hp(B
n, ∂Bn) = H̃p(B

n, ∂Bn) ∼= H̃p−1(S
n−1) = Z p = n

= 0 p 6= n

4. Long Exact Sequence for Triple

Let A ⊂ B ⊂ X. Then we have a functorial long exact sequence

· · · // Hp(B,A) // Hp(X,A) // Hp(X,B)
∂ // Hp−1(B,A) // · · ·

��
	����
0 // S(B)/S(A) // S(X)/S(A) // S(X)/S(B) // 0 : s.e.s.

and apply snake lemma.
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5. Five Lemma

A1
//

f1²²

A2
//

f2²²

A3
//

f3²²

A4
//

f4²²

A5

f5 ally²²

:exact

B1
// B2

// B3
// B4

// B5 :exact

f1: onto , f5 : 1− 1 and f2, f4 :∼= ⇒ f3 :∼=.
(In particular, fi :∼= i = 1, 2, 4, 5. ⇒ f3 :∼=.)

��
	���� by diagram chasing.

Example. Show j : (Bn, Sn−1)→ (Bn, Bn \ 0) induces an isomorphism
j∗ : H(B

n, Sn−1)→ H(Bn, Bn \ 0).

· · · // Hp(S
n−1) //

j∗:∼=²²

Hp(B
n) //

j∗:=²²

Hp(B
n, Sn−1) //

five lem. ���������� j∗:∼=²²

Hp−1(S
n−1) //

j∗:=²²

Hp−1(B
n) //

j∗:=²²

· · ·

· · · // Hp(B
n \ 0) // Hp(B

n) // Hp(B
n, Bn \ 0) // Hp−1(B

n \ 0) // Hp−1(B
n) // · · ·

6. Split Short Exact Sequence

Given short exact sequence 0→ A
i
→ B

p
→ C → 0, TFAE :

(i) ∃A
j
← B s.t. j ◦ i = id.

(ii) ∃B
s
← C s.t. p ◦ s = id.

In this case, B = A⊕ C and the short exact sequence is said to be split.

��
	���� (i)⇒(ii):
0→ A

j

¿
i

B →
p
C → 0⇒ B = i(A)⊕ ker(j) : b = ij(b) + (b− ij(b))

(∵ j(b)− jij(b) = 0⇒ b− ij(b) ∈ ker(j) and ji(a) = 0⇒ a = 0⇒ i(a) = 0.)

p|ker(j) : ker(j)→ C :∼= since ker(p) = i(A)⇒ ∃s = (p|)−1 s.t. p ◦ s = id.

(ii)⇒(i) : exactly same.

Example. A
i
↪→
←
r

X, a retract ⇒ Hp(X) = Hp(A)⊕Hp(X,A).
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Excision

�������� 1 (X,A) : a pair of spaces and let U ⊂ X be s.t. Ū ⊂ Å.
Then the inclusion i : (X − U,A − U) ↪→ (X,A) induces an isomorphism

i∗ : H∗(X − U,A − U)
∼=
→ H∗(X,A). (i.e., U may be excised without altering

relative homology.)��
	���� Let U = {X−U,A} so that {(X−U)◦ ,Å} covers X. (See the footnote.1)
Then i : SU(X) ↪→ S(X) induces an isomorphism on homology.

0 // S(A) //

i=i|²²

SU(X) //

i²²

SU(X)/S(A) //

j²²

0

0 // S(A) // S(X) // S(X)/S(A) // 0

where j is induced as quotient map and becomes a chain map as before.

⇒ · · · // Hp(A) //

i∗=id²²

Hp(S
U(X)) //

i∗∼=²²

Hp(S
U(X)/S(A)) //

j∗:∼=by five lem.²²

Hp−1(A)
∂∗ //

=²²

· · ·

· · · // Hp(A) // Hp(X) // Hp(X,A) // Hp−1(A)
∂∗ // · · ·

Now consider SU(X)/S(A) : SUp = Sp(X − U) + Sp(A)

⇒ SUp /Sp(A) =
Sp(X−U)+Sp(A)

Sp(A)
∼=
←
i

Sp(X − U)/(Sp(X − U) ∩ Sp(A))

= Sp(X − U)/Sp(A− U) = Sp(X − U,A− U)

⇒ Hp(X − U,A− U) ∼=
→
i∗

Hp(S
U(X)/S(A)) ∼=

→
j∗

Hp(X,A)

Remark. Recall X1, X2 ⊂ X,X = X1 ∪X2.
{X1, X2} : an excisive couple if S(X1) + S(X2) ↪→ S(X1 ∪ X2 = X) induces
an isomorphism on homology.

1(X − U)◦ = (UC)◦ = ŪC
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�� ���! 24. {X1, X2} is an excisive couple. ⇔ (X1, X1 ∩X2) ↪→ (X1 ∪X2, X2) is
an excision map, i.e., induces an isomorphism on homology.��
	���� Hint: Consider the following commutative diagram.

S(X1)/S(X1 ∩X2)
j //

i
++VVVVVVVVVV

S(X1 ∪X2)/S(X2)

S(X1) + S(X2)/S(X2)

k 33hhhhhhhhhh

Example.

X = Sn, En
+: "# $&%(')+*, , En

− = A: -(./ %(')+*, , U = Å 0214357698: U ;< =
V

excision theorem >? @ A2B�CDFEHG 1(IKJ X L!MONQPSRT1VUW excise XZY[]\5 ^`_ab 1 . (∵ Ū * Å) cdfe _gih Bkj2lm V n? @ cdfoqpr�st u2vw A2Byx vz4{ 1|NQP V n? @ ex-
cision theorem L!M~}����� excise �T�� b 1 C� � deformation retract n? @A2B�CDFEHG 1(IKJ U n? @ ”excise” XZY[�\5 ���� b 1 .

Hp(S
n, En

−)
∼=
←
i∗

Hp(S
n − V,En − V )

Note j : (En
+, S

n−1) ↪→
←
∃r

(Sn − V,En
− − V ) where r is a deformation retraction

(i.e., rj = id, jr ' id)⇒ j∗ :∼=⇒ Hp(S
n, En

−)
∼=
←
i∗

Hp(E
+
n , S

n−1)

∴ {En
+, E

n
−} : excisive couple and hence can apply Mayer-Vietori sequence di-

rectly.

In general, V ⊂ U ⊂ A and suppose that V can be excised. If (X−U,A−U) is
a deformation retract of (X −V,A−V ), then U can be excised by the exactly
same argument as above. Hence in this case, {X −U,A} is an excisive couple.
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Equivalence of simplicial and singular homology

Let K be a simplicial complex. Recall that we have 3 homology theories.
(1) C(K)Ã H(K) ; simplicial homology
(2) 4(K)Ã H4(K) ; ordered simplicial homology
(3) S(|K|)Ã H(|K|) ; singular homology

And we showed µ : 4(K)→ C(K) is a natural chain equivalence,
(v0, · · · vp) 7→ [v0, · · · , vp]

so that µ∗ : H
4(K)→ H(K) is a natural isomorphism.

A2B���� (2) �� (3) >? @���B��� �����W�� 1 .
Let θ : 4(K)→ S(|K|)
(v0, · · · vp) 7→ l
where l : 4p → |K| is an affine map determined by l(ei) = vi, i = 0, 1, · · · , p.

⇒ θ is a natural(augmentation-preserving) chain map so that θ∗ : H
4(K) →

H(|K|) is a natural transformation.

If K0 < K, a subcomplex, then

0 // 4(K0)
i //

θ|²²

4(K) //

θ²²

4(K)/4 (K0) //

θ̄=”θ”²²

0

0 // S(|K0|) // S(|K|) // S(|K|)/S(|K0|) // 0

⇒ θ∗ : H
4(K,K0)→ H(|K|, |K0|) is naturally well-defined.

θ∗ : H̃4(K) → H̃(|K|) is a natural isomorphism. (Hence so is θ∗ : H
4(K) →

H(|K|) and H∗ : H
4(K,K0)→ H(|K|, |K0|) if K0 < K by 5-lemma.)

step 1 Assume that K is finite.
Prove by induction on n(the number of simplices in K).

n=1 K = {v} ⇒ H̃4(K) = H̃(|K|) = 0.

n > 1
Let σ be a simplex of K of maximal dimension so that K1 := K − {σ} is a
subcomplex of K.
σ := σ as a subcomplex of K
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bdσ := subcomplex of σ consisting of proper faces of σ

H̃4p (K)
θ∗ //

i∗²²

H̃p(|K|)

i∗²²

H4p (K, σ)
θ∗ // Hp(|K|, σ)

H4p (K1, bdσ)
θ∗ //

j∗
OO

Hp(|K1|, bdσ)

j∗

OO

�  }� diagram L!MONQP j∗ ;< = excision theorem L!M�}����� NQP isomorphism A2B��¡ , ¢q1¤£T¥¦ { 1§ � }� θ∗ ;< = induction hypothesis L!M�}����� isomorphism A2B b 1 . ¨T1 h B�© .ª¬« UW i∗ ;< =�® .ª® .ª (|K|, σ), (K, σ) pair L!M°¯�±O�T�� long exact sequence L!M²}����� NQP isomorphism A2Bb 1 .(∵ σ L!M~¯�±O�T�� homology ;< =´³Zµ¶¸· ¥¦ 0 A2B�¹ UW ) º�1(021|NQP ,

H̃4p (K) ∼= H̃p(|K|)

step2 Assume that K is infinite.
(1) θ∗ is onto.

Given {z} ∈ H̃p(|K|), |z| := support of z. Then |z| is compact, and hence is
contained in |L|, a finite subcomplex of K.

H̃4p (L)
θ∗
∼=

//

i∗²²

H̃p(|L|) 3

i∗²²

{z}

²²

H̃4p (K)
θ∗// H̃p(|K|) 3 {z}

step 1 « UW »¼7½9¾ L L!M¿¯�±O�T�� θ∗ ¢q1 ∼= A2B��¡ diagram A2B commute G 1 ¹ UW K L!M¿¯�±O�T��
θ∗ ;< = onto A2B b 1 .
(2) θ∗ is 1-1.

Suppose {z} ∈ H̃4p (K) and θ∗{z} = {θ(z)} = 0. Then ∃c ∈ S̃p+1(|K|) such
that ∂c = θ(z). |c| is compact, hence contained in L, a finite subcomplex of
K. By above diagram, θ∗ is 1-1.

Note Given a continuous map f : |K| → |L|, let g : K ′ → L be a simplicial
approximation of f . cd7À`Á 698:
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H4(K ′)
µ∗(∼=)

{{vvv
vv

v

g∗ //

θ∗(∼=)

²²

H4(L)

µ∗(∼=)||yyyyy

θ∗(∼=)

²²

H(K ′)
g∗ //

η∗=θ∗◦µ
−1
∗

$$HH
HH

HH
H(L)

η∗ ""EE
EE

EE

H(|K ′|)
g∗=f∗

// H(|L|)

�  }� cdÂoqpr L!MONQPÄÃÅÇÆ< = diagram A2B commute G 1 �¡ , µ∗, θ∗ ¢q1 natural isomorphism A2B¹ UW η∗ ÈÅ natural isomorphism A2BÊÉË Ì b 1 .
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Relative Mayer-Vietoris sequence

X

X1 X2

A1 A2

�  �� u2vw¬ÍÎ Ï ÐÒÑÓÕÔ5 { 1 § � �� u2vw¬ÍÎ Ï sequence Ö× Ø >? @´ÙQÚÛ ® .ª XZY[Ü\5 ���� b 1 .

0

²²

0

²²

0

²²

0 // S(A1 ∩ A2)
φ|//

i²²

S(A1)
⊕

S(A2)
ψ| //

i1⊕i2²²

S(A1) + S(A2) //

j²²

0 s.e.s

0 // S(X1 ∩X2)
φ//

²²

S(X1)
⊕

S(X2)
ψ //

²²

S(X1) + S(X2) //

²²

0 s.e.s

0 // S(X1∩X2)
S(A1∩A2)

φ̄ //

²²

S(X1)

S(A1)

⊕ S(X2)
S(A2)

ψ̄ //

²²

S(X1)+S(X2)
S(A1)+S(A2)

//

²²

0 (?)

0 0 0

(1) φ̄ and ψ̄ are chain maps. (∵ chain map }� quotient ;< = chain map)
(2) (?) is exact by 9-lemma.

Suppose {X1, X2} is an excisive couple of X1 ∪X2 and {A1, A2} is an excisive
couple of A1 ∪ A2. Then (?) induces an long exact sequence

(∗) · · · // Hp(X1 ∩X2, A1 ∩ A2) // Hp(X1, A1)
⊕

Hp(X2, A2) // Hp(X1 ∪X2, A1 ∪ A2) // · · ·

IKJOÝ B NQP Hp(X1 ∪X2, A1 ∪ A2) A2BßÞà ;< = A2B Ôá ;< =
S(X1)+S(X2)

i
↪→ S(X1∪X2) �� S(A1)+S(A2)

i
↪→ S(A1∪A2) A2B homology L!MNQP isomorphism >? @ induce G 1 �¡ , 5-lemma L!Mâ}����� NQP S(X1)+S(X2)

S(A1)+S(A2)
↪→ S(X1∪X2)

S(A1∪A2) ÈÅ
homology L!MONQP isomorphism >? @ induce G 1ZÝ Byã�ä�åæ = A2B b 1 .
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(∗) n? @ Relative Mayer-Vietoris sequence 021 �¡ »¼èçÎ Ï b 1 .
Special cases

(1) X = X1 ∪X2 ⇒ Hp(X1 ∪X2, A1 ∪ A2) = Hp(X,A1 ∪ A2)
(2) Furthermore, if X1 = X2 = X, then

· · · // Hp(X,A1 ∩ A2) // Hp(X,A1)
⊕

Hp(X,A2) // Hp(X,A1 ∪ A2) // · · ·

(3) If X = X1 ∪X2 and A1 = A2 = A, then

· · · // Hp(X1 ∩X2, A) // Hp(X1, A)
⊕

Hp(X2, A) // Hp(X,A) // · · ·
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